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We investigate a quantum dot (Anderson impurity) coupled to metallic leads, with a time-periodic voltage
bias across the device. Using a time-dependent Schrieffer-Wolff transformation, we show that the Floquet
Hamiltonian of the model can be mapped onto a two-channel Kondo model, in which the impurity is screened
by separate conduction bands corresponding to parity-even and odd superpositions of the metallic leads. By
changing the frequency and amplitude of the perturbation, one can tune the system to a quantum critical point
with symmetric coupling of the impurity to both channels. For the understanding of the driven state, energy
absorption from the drive must be considered: Although the absorption at the impurity is balanced by the
energy flow into the conduction band, locally it leads to non-thermal distribution functions which can have a
detrimental effect on the Kondo physics. However, a numerical simulation demonstrates that the absorption can
be systematically suppressed at a fixed value of the induced couplings by increasing the frequency, so that the
time-averaged dynamics in the driven one-channel Anderson model can be used to study the critical behavior of
the two-channel model.
PACS numbers: 71.10.Fd,72.10.Di,05.70.Ln
I. INTRODUCTION
An intriguing route to control the collective behavior of
quantum many-particle systems is to manipulate Hamiltoni-
ans and states by time-periodic perturbations. This concept
is widely used in experiments with ultra-cold atoms, e.g., to
design artificial gauge fields,1 topologically non-trivial band-
structures,2–4 or frustrated spin models.5 Even states with no
direct equilibrium analog, such as time-crystals,6 have been
proposed. In solids, periodic driving with strong laser fields
can generate Floquet-Bloch bands,7 or light-induced many-
body interactions such as spin and orbital exchange8–11 or su-
perconducting pairing.12–14
The stroboscopic dynamics under the effect of the driv-
ing is described by the so-called Floquet Hamiltonian, and
the most interesting situation arises when the latter contains
terms which are different from, or even competing with inter-
actions in the un-driven Hamiltonian. In the present paper we
will encounter this situation for a quantum dot between metal-
lic leads. In equilibrium and in the strong-coupling regime
(Coulomb blockade), the system is described by a Kondo
model, in which a single electron on the impurity with spin S
is coupled to the spin density se of the conduction band via an
antiferromagnetic exchange interaction JeS·se. When a time-
periodic bias is applied across the impurity, however, spin-
exchange processes which involve virtual absorption and re-
emission of an odd number of photons from the external field
act as if the impurity were coupled to an additional conduction
band with spin so, which is distinct from the original channel
because of its symmetry. The periodically driven model be-
comes equivalent to a two-channel Kondo model (2chKM), in
which two conduction bands separately screen the impurity,
S · (Jese + Joso).
The multi-channel Kondo problem15,16 gives rise to intrigu-
ing physics when the impurity spin becomes over-screened by
the conduction electrons. In the 2chKM, the point of equal
couplings Je = Jo corresponds to a quantum critical point
with non Fermi-liquid behavior. The 2chKM can be realized
with interacting leads that are made distinct by their charg-
ing energy.17–19 In alternative proposals, which are based on
phonon-mediated exchange interactions20 or a dc bias across
the impurity,21 the distinct screening channels correspond to
different conduction-band symmetries. In all cases, how-
ever, the controlled manipulation of the couplings remains
a challenge. Under the effect of a dc bias the system is in
a current carrying steady state where decoherence processes
are relevant.22 The proposed setting of this paper provides a
symmetry-based realization of the 2chKM in which the ex-
change couplings can be manipulated by a change of the fre-
quency and amplitude of the external drive, which may poten-
tially allow to approach quantum critical two-channel Kondo
physics using transport setups based on cold atoms.23
The driven Anderson model has been discussed in differ-
ent settings, where it was shown that a direct dipole cou-
pling between the localized level and the conduction electrons
can induce a Kondo effect.24–26 The study of a driven impu-
rity model touches on a fundamental aspect of driven models
in general, i.e, the energy absorption from the perturbation,
which provides a fundamental limitation for the applicabil-
ity of the Floquet Hamiltonian in bulk systems. The energy
absorption can be either suppressed by going to the limit of
high frequencies,1,27–29 where the Floquet Hamiltonian can
describe the dynamics over a long period of time (Floquet
prethermalization30,31), or it can be balanced with dissipation
to additional degrees of freedom.32,33 An impurity model is
a dissipative quantum system by construction. Although the
energy absorption happens only at one site and is thus non-
extensive, the relevant local distribution functions are strongly
modified with respect to the Fermi distribution. This provides
a controlled setting to study emerging states in steady state
driven models.34
The paper is organized as follows: In Sec. II we intro-
duce the driven Anderson model, derive the Floquet Hamil-
tonian using a time-periodic Schrieffer-Wolff transformation,
2and present the numerical details for the solution of the one-
and corresponding two-channel Anderson model. In Sec. III
we numerically solve the dynamics of the Anderson model
after a sudden switch-on of the driving, and compare to the
numerical solution of the corresponding two-channel model,
both at and away from the critical point. In Sec. IV, we discuss
the effect of the local energy absorption, and Sec. V provides
a discussion of the results.
II. MODEL
A. Periodically driven Anderson Impurity model
We start from the Anderson model for a single impurity
level at energy ǫf < 0, coupled to a left (L) and right (R) lead,
H = Hlead +Hhyb +Hdot, (1)
Hlead = −t0
∑
α=L,R
∞∑
i=0
∑
σ
(
a†i,α,σai+1,α,σ + h.c.
)
, (2)
Hhyb = v
∑
α=L,R
∑
σ
(
c†σa0,α,σ + h.c.
)
, (3)
Hdot = Uc
†
↑c↑c
†
↓c↓ + ǫf (c
†
↑c↑ + c
†
↓c↓). (4)
Here c†σ and a
†
i,α,σ create an electron with spin σ =↑, ↓ on
the impurity and on site i of the left (α = L) or right (α =
R) lead, respectively. We represent the lead as a linear chain
with nearest neighbor hopping t0, and assume a hybridization
Hhyb between the impurity and the first site of each of the
two chains. This particular setup is chosen to simplify the
notation for the derivation of the Kondomodel below; the final
numerical results depend only on the hybridization function
ΓL(R)(ω) = 2πv
2NL(R)(ω), where NL(R)(ω) is the density
of states at site 0 of the left (right) lead. The on-site interaction
U is taken to be infinite, i.e., only fluctuations between empty
and singly occupied states on the impurity are allowed. A
finite large U would not alter the general arguments of this
work, but the limit U =∞ is numerically less costly.
To the Hamiltonian (1) we add a periodic driving term of
the form
Hdr = ∆0 sin(Ωt)
∑
iσ
(a†i,L,σai,L,σ − a†i,R,σai,R,σ), (5)
which describes an oscillating bias ∆0 across the impurity
(but no voltage drop within the leads). It is convenient to re-
move the driving term by a canonical transformation, which
modifies the hybridization to
Hhyb = v
∑
σ
(
eiφ(t)(c†σa0,L,σ + a
†
0,R,σcσ) + h.c.
)
, (6)
where φ(t) = η cos(Ωt) is the Peierls phase with the dimen-
sionless driving amplitude η = ∆0/Ω.
B. Floquet Hamiltonian
In equilibrium, and for small hybridization v ≪ |ǫf |, |U −
ǫf |, one can use a Schrieffer-Wolff transformation to remove
doubly occupied and empty states from the impurity, and thus
derive the Kondo model in which the impurity is described
by a single spin S with antiferromagnetic exchange coupling
J ∝ v2/|ǫf | to the conduction electron spins. In the period-
ically driven case, the goal is to achieve an analogous pertur-
bative mapping to a Kondo model for the Floquet Hamilto-
nian HF , which describes the evolution of the system over
one period of the driving. In the following we show that
this procedure applied to the driven one-channel Anderson
model [Eqs. (1), (2), (4) and (6)] leads to a two-channel Kondo
Hamiltonian.
In analogy to the equilibrium case the idea is to project
out empty or doubly occupied states from the time-evolution
of the Anderson impurity model, using a time-dependent
unitary transformation eS(t) to a rotating frame. Such a
time-dependent11,35 or time-periodic36 Schrieffer-Wolff trans-
formation has been used in different variants of Hubbard-
type lattice models. The Hamiltonian in the rotating frame,
Hrot(t) = e
S(t)[H(t) − i∂t]e−S(t), can be perturbatively
constructed in such a way that it does not mix “high-energy
states” (with an empty or doubly-occupied impurity level) and
“low-energy states” (with a singly-occupied impurity level) at
any time. The projection to the low-energy sector then yields a
time-dependent (or, for time-periodic driving, a time-periodic)
Kondo model. Finally, in the time-periodic case, the driving
frequency Ω is typically large compared to the exchange en-
ergy J in the Kondo model (but not necessarily large com-
pared to the high-energy scales |ǫf |, U ), and can be averaged
over one period to obtain the Floquet exchange Hamiltonian.
The first step to carry out this procedure is a Fourier de-
composition Hhyb(t) =
∑
n e
−iΩntVn of the time-dependent
hybridization term Eq. (6). Using the relation (τ = 2π/Ω)
1
τ
∫ τ
0
dt eix cos(Ωt+θ)eiωnt = Jn(x)e
−iθn, (7)
for x > 0, where Jn(x) is the Bessel function, with Jn(x) =
(−1)nJ−n(x), we get
Vn = vJn(η)
∑
σ
[
(c†σa0Lσ + a
†
0Rσcσ) + e
iπn × (h.c.)
]
= vJn(η)
∑
σ
[
c†σ(a0Lσ + e
iπna0Rσ) + e
iπn × (h.c.)
]
.
(8)
Note that this relation satisfies V †n = V−n, as required by the
hermitian symmetry of V (t). From Eq. (8) one can see that
in even and odd Fourier orders the quantum dot is coupled
to even and odd parity combinations of the bath, respectively.
We therefore introduce the basis change
bi,e/o,σ =
1√
2
(ai,L,σ ± ai,R,σ). (9)
3This leaves the Hamiltonian of the leads invariant,
Hlead = −t0
∑
σ
∑
α=e,o
∑
i
(
b†i,α,σbi+1,α,σ + h.c.
)
, (10)
and transforms the hybridization to
Vn =
√
2vJn(η)
∑
σ
(c†σb0,e,σ + h.c.), (n even), (11)
Vn =
√
2vJn(η)
∑
σ
(c†σb0,o,σ − h.c.), (n odd). (12)
This symmetry argument already indicates that after in-
tegrating out charge fluctuations by the perturbative trans-
formation in v, the impurity spin will be coupled to two
independent baths in the driven case, while in equilibrium
there is only one bath. The detailed steps of the perturba-
tive mapping closely follow the time-dependent11,35 or time-
periodic30,36 Schrieffer-Wolff transformations in other mod-
els, and are given in the appendix A. The result is the follow-
ing exchange Hamiltonian,
HF =− t0
∑
i
∑
σ
∑
α=e,o
(
b†i,σ,αbi+1,σ,α + h.c.
)
+ S ·
[
Je(η,Ω)se,0 + Jo(η,Ω)so,0
]
, (13)
where se(o),0 =
1
2
∑
σσ′ b
†
0,e(o),στσσ
′b0,e(o),σ′ and S =
1
2
∑
σσ′ c
†
στσσ′cσ′ denote the conduction electron spin at site
0, the even (odd) bath and the spin at the impurity, respec-
tively (τ is the vector of Pauli matrices). The exchange cou-
plings depend on the frequency Ω and the driving strength
η = ∆0/Ω,
Je(o)(η,Ω) = 4v
2
∑
l even(odd)
J|l|(η)
2
|ǫf |+ lΩ . (14)
(As mentioned above, the limit U =∞ has been taken in this
expression.)
This result can be intuitively understood: The term propor-
tional to
J|l|(η)
2
|ǫf |+lΩ
arises from spin flip scattering processes be-
tween the impurity and the bath via a virtual intermediate state
which involves an empty impurity (energy |ǫf |), and absorp-
tion/emission of l photons from the drive (energy lΩ). The
summation over all virtual states gives the Floquet exchange
coupling, analogous to what has been considered for spin8,36
and orbital11 exchangemodels. In the present case, absorption
or emission of an even or odd number of photons couples the
impurity to even or odd parity superpositions of the bath, re-
spectively, which thus appear as separate screening channels
for the impurity spin.
Figure 1 shows the exchange couplings as a function of
the driving strength η for selected parameters ǫf and Ω.
For Ω > |ǫf |, Jo is ferromagnetic (Fig. 1b), which is also
understood from Eq. (14): For each |l|, the negative term
J|l|(η)
2/(|ǫf | − lΩ) is then larger in magnitude than the posi-
tive term J|l|(η)
2/(|ǫf |+ lΩ). For Ω > |ǫf |, the driven model
is therefore a two-channel model where a ferromagnetic cou-
pling competes with an antiferromagnetic coupling (Fig. 1b).
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Figure 1. Exchange interactions Je(η,Ω) and Jo(η,Ω) in the
driven case [c.f. Eqs. (14)]. a) Antiferromagnetic coupling Jo, for
Ω < |ǫf |. b) Ferromagnetic coupling Jo, for Ω > |ǫf |. The in-
sets show schematic energy diagrams for the two cases, where Ω, ǫ,
and the bandwidth D are chosen such that there is no linear energy
absorption (see discussion in Sec. IV).
In contrast, forΩ < |ǫf |, one can have antiferromagnetic cou-
pling in both channels in a large window of driving frequen-
cies (Fig. 1a). Furthermore the couplings can be made equal
in magnitude, to bring the Hamiltonian into the quantum crit-
ical regime of the two-channel Kondo model. In section III
we will investigate under which conditions this two-channel
Kondomodel indeed gives a correct description of the dynam-
ics and the steady state of the driven one-channel Anderson
model.
C. Numerical solution: Single impurity Anderson model
For the numerical studies below we consider a single im-
purity Anderson model in which the right and left lead corre-
spond to a box density of states ND(ω) =
1
2DΘ(D
2 − ω2)
with half-bandwidthD. This model is defined by the action
S = −i
∫
C
dtHdot(t)− i
∫
C
dtdt′
∑
σ
c†σ(t)∆(t, t
′)cσ(t
′)
(15)
on the L-shaped Keldysh contour (for an introduction to the
Keldysh-formalism, see, e.g., Ref. 37), where the hybridiza-
tion function is given by the sum of contributions from the left
4and right lead,∆(t, t′) = 12
(
∆L(t, t
′) + ∆R(t, t
′)
)
, with
∆α(t, t
′) = Vα(t)∆D(t, t
′)Vα(t
′)∗, (16)
VL(t) = ve
iφ(t), VR(t) = ve
−iφ(t), (17)
φ(t) = η(t) cos(Ωt). (18)
Here∆D(t, t
′) is the Green’s function for an equilibrium bath
with density of states − 1π∆retD (ω + i0) = ND(ω), and φ(t)
is the Peierls phase for the driving strength η(t), correspond-
ing to a voltage bias ∂tφ(t) across the impurity. The model is
solved using the time-dependent strong-coupling expansion,38
taking U =∞. In this limit, the second order diagrams (one-
crossing approximation) vanish, and we restrict ourselves to
the lowest order of the expansion (non-crossing approxima-
tion).
D. Numerical solution: Two-channel Anderson model
We will compare the solution of the driven Andersonmodel
to a two-channel Anderson model, i.e., an extended Anderson
model which has the two-channel Kondo model as its strong
coupling limit.39 This model is given by
H2ch =
∑
kσα
ǫkαa
†
k,α,σak,α,σ + ǫf
∑
σ
f †σfσ
+
∑
k,σ,α
(
Vkαf
†
σbα¯ak,α,σ + h.c..
)
, (19)
where α runs over M = 2 flavors, and bα is an additional
bosonic degree of freedom. The model is solved with the
infinite-U constraint
∑
α b
†
αbα +
∑
σ f
†
σfσ = 1, i.e., the im-
purity is either occupied by exactly one fermion or by exactly
one boson. In a strong-coupling expansion, virtual intermedi-
ate states with zero fermions thus carry the additional flavor
index of the auxiliary boson, so that the strong-coupling limit
corresponds to anM -channel Kondo model.39
After integrating out the bath, the action is given by
S2ch = −i
∫
C
dtH2chdot (t)
− i
∑
α,σ
∫
C
dtdt′f †σbα¯(t)∆
2ch
α (t, t
′)b†α¯fσ(t
′), (20)
where the dot-Hamiltonian incorporates the infinite U con-
straint. The numerical solution of this model follows from
a direct application of the strong-coupling expansion on the
Keldysh contour38,39. Below we will compare the numerical
solution of the two-channelmodel Eq. (20) with the same box-
density of states as in Eq. (15),
∆2chα (t, t
′) = v2chα (t)∆D(t, t
′)v2chα (t
′)∗, (21)
and suitably chosen couplings (see below) to the dynamics of
the driven one-channel model defined by Eq. (15).
III. RESULTS
A. General setup
In this section we numerically study the driven one-channel
Anderson model (1chAM) with half-bandwidth D = 2 and
a voltage bias ηΩ sin(Ωt) (Peierls phase φ(t) = η cos(Ωt))
which is switched on at time t = 0 [Eqs. (15) to (18)]. The
Floquet Schrieffer-Wolff analysis presented in section II B
suggests that the dynamics of this model, and the steady state
reached under periodic driving, is described by a two-channel
Kondo model (2chKM) (13) with exchange interaction (14).
To confirm this, we compare the dynamics obtained from the
1chAM to a two-channelAndersonmodel (2chAM) [Eqs. (20)
and (21)], with couplings v2ch1,2 that are chosen such that the
exchange interactions J2ch1,2 in the 2chKM derived from the
2chAM match the exchange interactions (14) in the Floquet
Hamiltonian of the 1chAM, i.e.,
J2ch1 = Je(η,Ω), J
2ch
2 = Jo(η,Ω). (22)
Because all exchange couplings scale with v2, one must sat-
isfy
(
v2ch1 /v
2ch
2
)2
= Je(η,Ω)/Jo(η,Ω). Furthermore, we
know that in the un-driven case the 1chAM [Eqs. (15) to (18)]
with hybridization v is equivalent to the 2chAM [Eqs. (20)
and (21)] with v2ch1 = v, v
2ch
2 = 0. To confirm the pre-
diction from the Floquet Schrieffer-Wolff transformation, one
thus has to compare the driven 1chAM (with driving η(t) and
hybridization v) to the 2chAM with hybridizations
v2ch1 (t) = v
√
Je(η(t),Ω)/Je(0,Ω), (23)
v2ch2 (t) = v
√
Jo(η(t),Ω)/Je(0,Ω). (24)
To make the actual comparison, we focus on the impurity con-
tribution to the magnetic susceptibility χ = ∂〈Sz〉//∂Bz,
which provides a good characterization of the dynamics of the
model in the Kondo regime and in the quantum critical regime
of the two-channel model.40–42
Asmentioned in the introduction, the parameters ǫf ,D, and
Ω must be chosen such that energy absorption by generation
of particle-hole pairs is low. To avoid direct excitations from
the level at ǫf to the unoccupied density of states of the bath,
ǫf + Ω must lie either (i), in the occupied part of the density
of states, ǫf + Ω < 0 (inset in Fig 1b), or (ii), above the con-
duction band, ǫf +Ω > D (inset in Fig 1a). We will focus on
the setup (i), in which both couplings Je and Jo are antiferro-
magnetic, and the system can be brought to the critical region
Je ≈ Jo. In the remainder of Sec. III we choose ǫf = −12,
D = 2, Ω = 11, and v = 3. The dependence on ǫf will be
investigated in Sec. IV.
B. Two-channel Anderson model: equilibrium
Before presenting the time-dependent data, let us analyze
the equilibrium solution of the 2chAM [Eqs. (20)-(21)] around
the critical point v2ch1 = v
2ch
2 , to confirm that with the choice
of parameters ǫf = −12, D = 2, v = 3, Ω = 11 in
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Figure 2. a) Spin-susceptibility χ of the 2chAM model with
ǫf = −12, D = 2, along a path through parameter space v
2ch
1,2 , for
different inverse temperatures β. The path is parametrized by taking
0 ≤ η ≤ 1.1 and Ω = 11 in Eqs. (23) and (24). The corresponding
parameters v2ch1,2 are shown in panel b. c) Same data as in a), plotted
as a function of β for selected values of η (see vertical dotted lines
in panels a and b). d) Data of panel c) on a double-logarithmic plot.
The axes are rescaled with a different factor TK(η) for each curve,
as indicated in the legend.
the driven 1chAM one should be able to access the specific
dynamics of the 2chKM by varying the driving amplitude
η. Figure 2a shows the equilibrium susceptibility χ of the
2chAM for different temperatures along a path through pa-
rameter space v2ch1,2 . The values v
2ch
1,2 along the path, which
are displayed in the the lower panel of Fig. 2, correspond to a
variation of the parameter η in Eqs. (23) and (24). χ is com-
puted explicitly by solving the 2chAM with a magnetic field
Bz and taking the numerical derivative∂〈Sz〉/∂Bz atBz = 0.
The susceptibility χ shows a strong increase close to the point
v2ch1 = v
2ch
2 for low temperatures, which is the first indica-
tion of the critical behavior. In Fig. 2c, we plot χ as a func-
tion of temperature for selected points of the path (see vertical
dotted lines in Fig. 2a). In the Kondo model, one expects a
free-spin behavior χ ∼ 1/T for large temperatures, and a sat-
uration χ ∼ 1/TK below the Kondo temperature. In contrast,
at the critical point the susceptibility should divergence like
χ ∼ log(1/T ) at low temperatures.40–42 The data of Fig. 2c
are consistent with this phenomenology. For parameters away
from the critical point, χ(T ) tends to saturate, while at the
critical point (η = 0.75) we observe a logarithmic increase
χ(T ) ∝ log(T ).
If the system is in the Kondo regime, the susceptibility
χ(T ) should fall on a universal line when TKχ is plotted as
a function of T/TK . This scaling indeed works reasonably
well in the parameter regime covered by our investigation for
v2ch1 6= v2ch2 , and fails at the critical point v2ch1 = v2ch2 (see
Fig. 2d). Note that we do not have an analytical expression
for the Kondo temperature TK(v
2ch
1 , v
2ch
1 ) for the 2chKM,
but treat the parameter TK(η) in Fig. 2d as a fit parame-
ter to obtain the best scaling plot. This implies that TK is
only determined relative to the value in the one-channelmodel
(η = 0). Nevertheless, the plot confirms the decrease of TK
towards the critical point. (To confirm the precise dependence
TK ∼ (J2ch1 − J2ch2 )2 we would have to study much lower
temperatures, which is not in the scope of this work, where
we focus on the driven state.)
C. Driven one-channel Anderson model
The analysis of the previous section confirms that with the
choice of parameters ǫf = −12, D = 2, Ω = 11, v = 3 we
should be able to access the dynamics of a 2chKM by varying
the driving amplitude η in the 1chAM. The simplest protocol
is to suddenly switch on the ac bias, i.e., η(t) ≡ η for t ≥ 0
in Eq. (18), and compare the dynamics to the 2chAM where
the couplings are quenched from v2ch1 = v, v
2ch
2 = 0 for
t < 0 to v2ch1 (η,Ω), v
2ch
2 (η,Ω) for t > 0 [c.f. Eqs. (23) and
(24)]. During the time evolution we apply a small magnetic
field Bz = 10
−4 and analyze the time-evolution of the spin
〈Sz〉 on the impurity,
χt(t) ≡ 〈Sz(t)〉/Bz. (25)
(We confirmed that in the parameter range of this study,
〈Sz(t)〉 is linear in Bz , so that χt for Bz = 10−3 and
Bz = 10
−4 would be indistinguishable on the scale of the
plots.) If the system would behave adiabatically (or is in equi-
librium), χt would be given by the equilibrium magnetic sus-
ceptibility χ. Also away from a quasi-equilibrium state this
quantity can be used to directly compare the dynamics in the
driven 1chAM and the corresponding 2chAM.
The data are shown in Fig. 3. For both quenches into the
Kondo regime with Je > Jo (Fig. 3a) and Je < Jo (Fig. 3c),
and to the critical point Je = Jo (Fig. 3b), we find that the
time-evolution of the spin in the driven model closely follows
the evolution in the respective 2chAM. Small quantitative dif-
ferences are expected, since the analytical relations (23) and
(24) between the two models have been derived for the strong-
coupling limit v ≪ |ǫf |, while the simulation is done at finite
v. For the quenches within the Kondo regime, χt(t) first in-
creases and then saturates at long times to a value which is
close to the equilibrium value of χ in the 2chAM at the final
parameters v2ch1,2 (η,Ω) (dotted horizontal lines). For quenches
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Figure 3. Susceptibility χt(t) computed from the time-dependent
and initial state expectation value of the spin in the presence of a
small field Bz = 10
−4 [Eq. (25)]. In all panels, the thin grey line
shows the dynamics in the 1chAM for ǫf = −12, D = 2, v = 3,
and bath temperatures as indicated by the labels, where the ac bias
with Ω = 11 and amplitude η = 0.4 (a), η = 0.75 (b), and η = 1.05
(c) is switched on at time t = 0. The thin red curves show the same
data averaged over one period, and the bold blue line shows χt(t) in
the 2chAM with corresponding parameters, i.e., for a quench from
v2ch12 (η = 0,Ω) to v
2ch
12 (η,Ω) [Eqs. (23) and (24)]. The horizontal
dotted lines correspond to the equilibrium value of χ in the 2chAM
at the final coupling v2ch12 (η,Ω).
to the critical point, we cannot reach saturation at low temper-
atures, and χt(t) keeps increasing logarithmically (∝ log(t))
at long times. The increase of the numerical cost with sim-
ulated time prevents us to follow this logarithmical increase
over more than an order of magnitude (and thus to rigorously
distinguish it from a Kondo effect with a very small Kondo
temperature), but nevertheless, within the simulated time in-
terval the 2chAM and the driven 1chAM follow the same qual-
itative behavior.
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Figure 4. a) Absorbed energy for the driven 1chAM (D = 2, v =
3, η = 1, β = 20), where we fix ǫf + Ω = −1, while varying Ω. b)
Absorption rate γE , obtained from a linear fit E(t) = const. + γEt
toE(t) in a time window 10 ≤ t ≤ 20τ covering 20 periods τ of the
perturbation. For low absorption rates (∼ 10−4) the fit becomes less
accurate because of the oscillating component in E(t). c) Similar
analysis as in panels a and b, for a 1chAM with D = 3, β = 20,
where ǫf = −0.4 is kept fixed whileΩ is varied so that ǫf+Ω > D.
IV. ENERGY ABSORPTION FROM THE PERTURBATION
As mentioned above, energy absorption from the periodic
perturbation can be expected to have a detrimental effect on
the Kondo physics, comparable to increasing the bath tem-
perature. In the driven impurity model, energy absorption is
eventually balanced by an energy flow into the bath. Since
the bath is infinite, the global energy per site remains un-
changed, but nevertheless the local distribution functions can
be strongly modified with respect to a Fermi distribution. In
the following we compute the energy absorption and the local
distribution functions as a function of the model parameters,
and investigate to what extent the effect of the energy absorp-
tion on the local environment of the impurity is similar to an
increase of the bath temperature.
The absorption rate will depend strongly onΩ, |ǫf |, and the
bandwidthD of the bath. Linear absorption from an occupied
level at energy −|ǫf | to the unoccupied bath density of states
at 0 ≤ ǫ ≤ D is possible for
0 ≤ −|ǫf |+Ω ≤ D. (26)
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Figure 5. a) Susceptibility χt(t) of the 1chAM for D = 2, v =
3, β = 50, η = 0.4 and different driving frequencies Ω, where
ǫf + Ω = −1 is kept fixed (legend in panel b). Thin grey lines and
bold colored lines show the full time-dependence and the period-
averaged data, respectively. b) Equilibrium susceptibility χ(T ) of
the corresponding 2chAM with D = 2, v = 3 and couplings
v2ch1,2 (η = 0.4,Ω). Filled dots indicate the effective temperature TγE
for which χ(T )would equal the susceptibility χt in the driven steady
state.
For other frequencies, absorption occurs only via strongly
suppressed higher order processes, i.e., either more than one
electron-hole pair is generated per absorbed photon, or mul-
tiple photons are absorbed per particle-hole pair. To analyze
the energy absorption in the 1chAM, we compute the currents
jR and jL to the right and left lead, which are given by
jL(t) = −jR(t) = Re
(
[∆L ∗G]<(t, t)/VL(t)
)
, (27)
where G(t, t′) = −i〈TCc†(t)c(t′)〉 is the impurity Green’s
function and ∗ denotes the convolution. With the voltage bias
ηΩ sin(Ωt), the absorbed energy is proportional to
E(t) = ηΩ
∫ t
0
ds jL(s) sin(Ωs). (28)
Figure 4a shows the absorption in the setup where D = 2
sets the energy scale, and ǫf + Ω = −1 is kept fixed within
the occupied part of the conduction band, while Ω (and ǫf )
is varied (compare inset in Fig. 1a). For small frequencies,
E(t) increases linearly in time (with an oscillatory compo-
nent), while in the far off-resonant regime the absorption be-
comes small. The (period-averaged) energy absorption rate
γE decreases at least exponentially with frequency (Fig. 4b).
A similar Ω-dependence of the absorption rate is shown in
Fig. 4c for the setup in which the energy ǫf of the level is
fixed, and Ω + ǫf lies above the conduction band, compare
inset in Fig. 1b. Such an exponential behavior of the ab-
sorption rate is reminiscent of the problem of the decay of
a high-energy excitation into multi-particle excitations.43 In
the latter case, a timescale γ ∼ exp(−U/W log(U/W )) was
found for the decay of a doublon with energy U in the Hub-
bard model into particle-hole excitations of typical energy
W ≪ U . In the present numerical data, γE ∼ exp(−Ω/D)
and γE ∼ exp(−Ω/D log(Ω/D)) would be almost indistin-
guishable, taking into account that the relative accuracy of
rates below ≈ 10−4 becomes low, because fitting E(t) with a
linear increase is then more strongly influenced by the oscil-
lating component of E(t).
In Fig. 5 we investigate the effect of energy absorption
on the dynamics at the impurity. In the left panel, we plot
χt(t) for the same setup as Fig. 4b, and v = 3, analogous to
Fig. 3a. In the right panel, we compare this to the temperature-
dependent equilibrium susceptibility in the 2chAM with cor-
responding parameters v2ch12 (η,Ω) [cf. Eq. (23)]. For large
frequencies, i.e., small energy absorption, χt(t) approaches
a driven steady-state value corresponding to the equilibrium χ
at the temperature of the bath (1/β = 0.02). For small fre-
quencies (Ω . 8), the final value of χt(t) in the driven steady
state is decreased with respect to the equilibrium value. As far
as the susceptibility is concerned, the energy absorption in the
steady state at the impurity site therefore has a similar effect
as increasing the temperature to a larger value TγE (c.f. filled
circles in the right panel of Fig. 5).
It is therefore instructive to check whether also the distribu-
tion functions of the local impurity correlation functions re-
semble an effective thermal state. In Fig. 6 we plot, for the
same parameters as in Fig. 5, the spectral function
Aav(ω, t) = − 1
π
Im
1
τ
∫ t
t−τ
dt¯
∫ sc
0
dsGret(t¯, t¯− s)ei(ω+i0)s,
(29)
and the distribution function
Nav(ω, t) =
1
π
Im
1
τ
∫ t
t−τ
dt¯
∫ sc
0
dsG<(t¯, t¯− s)eiωs, (30)
averaged over one period τ = 2π/Ω (sc = t − τ is a large
cutoff in time, due to the finite simulated time window). The
spectra show the Kondo resonance around ω = 0 (Fig. 6a).
In addition, we compute the distribution function h(ω, t) =
Nav(ω, t)/Aav(ω, t), shown in Fig. 6c. In particular in the
regime of large absorption, we observe that h(ω, t) quickly
approaches a time-independent form, so that the curves shown
in Fig. 6c correspond to the distribution in the driven steady-
state.
For large Ω, the distribution function is given by the Fermi
function at the temperature of the bath. (The oscillations are
due to the cutoff of the Fourier integrals in Eqs. (29) and (30)
at the largest simulation time.) For small frequencies and
large absorption, however, the distribution functions become
highly non-thermal, as indicated by the prominent tails with
h(ω) < 1 for ω < 0 and h(ω) > 0 for ω > 0. In particular,
the distribution functions do neither equal the Fermi function
at the bath temperature 1/β (solid black line), nor at the in-
creased temperature TγE which would explain the value of χ
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Figure 6. a) Spectral function Eq. (29) in the driven steady state of
the 1chAM, for the same parameters as in Fig. 5a (legend in panel c),
evaluated at the largest possible simulation time t = 75. b) Occupied
density of states [Eq. (30)] for the same parameters. c) Distribution
function h(ω) = Nav(ω)/Aav(ω) for the same parameters. The
solid black line shows the Fermi distribution at T = 1/50. Dot-
ted lines show the Fermi distribution at TγE = 1/7.5, 1/14.5, 1/31
(corresponding to the filled circles in Fig. 5b).
in the steady state (taken from Fig. 5b). This shows that al-
though the steady state energy absorption has similar effects
on the Kondo effect as an increased temperature, an effective
thermal description of the driven state is not possible.
V. CONCLUSION AND DISCUSSION
In conclusion, we have used a time-dependent Schrieffer-
Wolff transformation to show that a quantum impurity model
driven by an ac bias can display two-channel Kondo physics.
By varying the amplitude of the drive, the system can be tuned
to the critical point of the two-channelmodel. We have numer-
ically demonstrated that in a regime where energy absorption
at the impurity is low, the time-evolution of the impurity spin
Sz in the driven impurity model follows the dynamics of a
two-channel model. At the critical point, the spin susceptibil-
ity increases logarithmically with time.
To observe the critical behavior, one must go to a regime
in which energy absorption at the impurity is small. Other-
wise, the system evolves into a steady state in which the local
distribution functions are highly nonthermal and the spin sus-
ceptibility is reduced, although the global energy per particle
in the bath is unchanged. Energy absorption can be reduced by
off-resonant driving, i.e., large Ω. For a potential experimen-
tal realization of the critical behavior, it is however not only
important to decrease the absorption, but this must be done in
such a way that the exchange energies J are not simultane-
ously decreased in the same way, because energy absorption
has a similar decohering effect as an increase of the bath tem-
perature, and the latter must be smaller than J (or even the
Kondo temperature TK(J)) to access the critical regime. Fig-
ure 4b shows that this is indeed possible: Fixing ǫf +Ω < 0,
γE is strongly reduced by increasing Ω. At fixed v, the dom-
inant contribution v2/|ǫf | to the exchange Je would be also
reduced, but by comparing γE for different couplings v one
can see that γE can be systematically reduced while v
2/|ǫf |
is kept constant (compare, e.g., v = 2, |ǫf | = 4, Ω = 3
(γE ≈ 5 · 10−2) to v = 3, |ǫf | = 9, Ω = 8 (γE ≈ 5 · 10−3),
and the extrapolation of the curve v = 4 to |ǫf | = 16, Ω = 15
(γE ≈ 6 · 10−5)).
A corresponding design of the conduction electron bath
could be possible in particular in cold-atom realizations of a
quantum transport setting.23 Although this is definitely chal-
lenging from an experimental point of view, it would pro-
vide an intriguing route to observe quantum critical behavior
in such experiments. Even if the temperature of the bath is
not yet far below the Kondo-temperature, the critical behavior
would manifest itself by a peak in the impurity spin suscep-
tibility as a function of the driving amplitude in the critical
regime. One could compare these data to the results of a set-
ting in which the impurity level ǫf is periodically modified
with respect to the bath. In contrast to the setup of this pa-
per, the bias between the impurity and the two leads is then in
phase and not out of phase, so that the driven model reduces
to a one-channel model with renormalized parameters, which
should show no peak of the susceptibility at the same driving
amplitude. In theory, even designing different multi-channel
models, by coupling more than two baths which are driven by
an ac-bias with a relative phase difference could be possible.
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Appendix A: Time-dependent Schrieffer Wolff transformation
To derive an effective Kondo Hamiltonian, onemust project
out from the dynamics all terms in which the impurity is ei-
ther empty of doubly occupied, i.e, which do not satisfy the
constraint n =
∑
σ c
†
σcσ = 1. We will denote the projector
on this “low-energy” sector of the Hilbert space by P0, and
define P1 = 1−P0. To do the projection, we look for a time-
periodic unitary transformationW (t) into a rotating frame, in
which states with n = 1 are not mixed in time with n 6= 1, i.e.,
the HamiltonianHrot in the rotating frame commutes with P0.
For any time-dependent unitary transformationW (t) = eS(t)
9(parametrized by the antihermitian matrix S), which trans-
forms the wave function like |Ψrot(t)〉 = eS(t)|Ψ(t)〉, the
Hamiltonian in the rotating frame is given by
Hrot(t) = e
S(t)[H − i∂t]e−S(t). (A1)
In the following we write H = αV + H0, where H0 =
Hdot +Hlead and V = Hhyb are the Hamiltonian of the decou-
pled impurity-bath system and the hybridization, respectively,
and perform a perturbation expansion in the formal small pa-
rameter α. A Taylor ansatz S = αS1 +α2S2 + · · · yields the
series
Hrot(t) = H0 + α
{
V + [S1, H0] + iS˙1
}
+ α2
{
[S2, H0]
+ iS˙2 + [S1, V ] + 1
2
[S1, iS˙1 + [S1, H0]]
}
+O(α3). (A2)
Furthermore, we can make a Fourier decomposition for all
time-periodic operators,
A(t) =
∑
n
A(n)e−iΩnt, (A3)
A(n) =
1
τ
∫ τ
0
dtA(t)eiΩnt. (A4)
To first order, the Fourier series of Eq. (A2) reads
H
(n)
rot = δn,0H0 + α
(
V (n) + [S(n)1 , H0] + nΩS(n)1
)
+O(α2),
(A5)
where we have used that only the hybridization term is time-
dependent, i.e., H
(n)
0 = δn,0H0, and V
(n) is given by
Eqs. (11) and (12). To remove the hopping term between the
high and low energy sector to lowest order one must satisfy
(for each Fourier component)
P1(0)
{
V (n) + [S(n)1 , H0] + ΩnS(n)
}
P0(1) = 0. (A6)
We denote the matrix elements of S between different sectors
of the Hilbert space by S+ = P1S1P0 and S− = P0S1P1
(analogous notation for V ), and write Eq. (A6) in a basis
En|n〉 = H0|n〉 of the uncoupled Hamiltonian,
〈m|V (n)± |m′〉+ 〈m|S(n)± |m′〉Em′
− 〈m|S(n)± |m′〉Em +Ωn〈m|S(n)± |m′〉 = 0. (A7)
Hence Eq. (A6) is satisfied with S1 = S+ + S−, and
〈m|S(n)± |m′〉 =
〈m|V (n)± |m′〉
Em − Em′ − nΩ . (A8)
It is already clear from this expression that the driving fre-
quency should not allow resonant transitions between impu-
rity and bath sites. Note that because V has no matrix within
the high and low energy sector of the Hilbert space, and H0
has no matrix elements between the sectors, the choice (A8)
implies that all first order terms in (A5) vanish,
V (t) + [S1(t), H0] + iS˙1(t) = 0, (A9)
not only the matrix elements (A6).
As a next step, one has to proceed to the second order to
derive the effective Kondo Hamiltonian. Using (A9) in the
expansion (A2), we obtain, for the second order terms,
α2
{
[S2, H0] + iS˙2 + 1
2
[S1, V ]
}
. (A10)
Proceeding as before, all second order terms which mix sector
0 and 1 of the Hilbert space are removed by a proper choice
of S2. The terms which remain in sector 0 derive from the
last commutator,P0 12 [S1, V ]P0, which therefore gives the ex-
change Hamiltonian for the impurity spin. Inserting Fourier
components, the Hamiltonian in the 00 sector is
H
(n)
rot =
α2
2
∑
l
P0(S(n−l)1 V (l) − V (l)S(n−l)1 )P0 (A11)
=
α2
2
∑
l
(S(n−l)+ V (l)− − V (l)+ S(n−l)− ), (A12)
where in the second line we have assumed U = ∞ for sim-
plicity, such that only fluctuations to the empty state are pos-
sible.
Finally, if the driving frequency Ω is large compared to the
relevant energy scales in the low-energy sector (i.e., the ex-
change interaction), we can perform a high-frequency expan-
sion and compute the time-averaged exchange Hamiltonian,
Heff ≡ H(0)rot =
1
2
∑
l
(S(−l)− V (l)+ − V (l)− S(−l)+ ). (A13)
To show that Eq. (A13) can be written as a Kondo Hamilto-
nian, we rewrite this operator in the form
Heff =
1
2
(S+K− + S−K+) + SzKz, (A14)
where S± and Sz are the impurity spin operators, and theK-
operators act only on the bath. To obtain the operator K , we
determine their matrix elements in the basis |σ, n〉, where |n〉
is some eigenstate of the free bath, |σ〉 is the state on the singly
occupied impurity, and |0, n〉 denotes the states where the im-
purity is empty. ForK− we get
〈n|K−|n′〉 = 〈↑, n|Heff| ↓, n′〉
=
α2
2
∑
l
∑
m
[
〈↑, n|S(−l)+ |0,m〉〈0,m|V (l)− | ↓, n′〉
− 〈↑, n|V (l)+ |0,m〉〈0,m|S(−l)− | ↓, n′〉
]
, (A15)
and analogous expressions are obtained for K+ and Kz . Us-
ing the explicit form (A8) for S1, we have
〈n|K−|n′〉 = α
2
2
∑
lm
[
〈↑, n|V (−l)+ |0,m〉〈0,m|V (l)− | ↓, n′〉
En − Em − lΩ
− 〈↑, n|V
(l)
+ |0,m〉〈0,m|V (−l)− | ↓, n′〉
Em − En′ − lΩ
]
. (A16)
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A change of the summation variable l → −l in the second
term gives
α2
2
∑
lm
〈↑, n|V (−l)+ |0,m〉〈0,m|V (l)− | ↓, n′〉 ×
×
( 1
En − Em − lΩ +
1
En′ − Em − lΩ
)
. (A17)
We now proceed separately for the odd end even terms in
l, K ≡ Ko + Ke, where Ko,e =
∑
l=odd,even · · · . For both
even and odd bath states [Eq. (9)] we expand b0,e(o),σ =∑
k tkbk,e(o)σ , where k are eigenstates of the lead Hamilto-
nian. Using (12) and (11) we get
〈n|Ko,−|n′〉 = α2v2
∑
l odd
Jl(η)J−l(η)
×
∑
m
∑
kk′
tkt
∗
k′ 〈↑, n|c†↑bk,o,↑|0,m〉〈0,m| − b†k′,o,↓c↓| ↓, n′〉
×
( 1
En − Em − lΩ +
1
En′ − Em − lΩ
)
. (A18)
Using J−l(x) = −Jl(x) for odd l, and inserting the energy of
the (only possible) intermediate state, we have
〈n|Ko,−|n′〉 = α2v2
∑
l odd
J|l|(η)
2
∑
kk′
tkt
∗
k′
× 〈n|bk,o,↑b†k′,o,↓|n′〉
( 1
ǫf − ǫk′ − lΩ +
1
ǫf − ǫk − lΩ
)
.
(A19)
If we omit the matrix elements, the equation now expresses
an operator identity. We furthermore make the conventional
assumption that mainly electrons close to the Fermi energy
participate in the screening process, so that we can approx-
imate ǫk, ǫk′ ≈ Ef ≡ 0 (energy zero) in the denominator.
This leads to (the minus sign is from permuting the operators)
Ko,− = −2v2
∑
l odd
J|l|(η)
2(so,0)−
1
ǫf − lΩ , (A20)
where (so,0)− = b
†
o,0,↓bo,0,↑ is the bath-spin operator on site
0. Because ǫf is negative, we have
Kodd,− =
Jex,o
2
(so,0)−, (A21)
Jex,o = 4v
2
∑
l odd
J|l|(η)
2
|ǫf |+ lΩ . (A22)
An analogous calculation gives
Keven,− =
Jex,e
2
(se,0)−, (A23)
Jex,e = 4v
2
∑
l even
J|l|(η)
2
|ǫf |+ lΩ . (A24)
Because of rotational symmetry in spin space, the other spin
componentsmust come out accordingly. In summary, the final
Hamiltonian of the driven Anderson impurity model comes
out as the asymmetric two-channel Kondomodel, Eq. (13) and
(14) of the main text. We remark once again that the driving
frequency should not allow for direct resonant excitations.
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